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A method is suggested to obtain the quasi exact solution of the Rabi Hamiltonian. It is concep-
tually simple and can be easily extended to other systems. The analytical expressions are obtained
for eigenstates and eigenvalues in terms of orthogonal polynomials.
PACS numbers:
Considerable attentions have been paid over the years to the solution of the Rabi and Jahn-Teller(JT)
Hamiltonians[1, 2, 3]. The E ⊗ ǫ JT problems has been solved by Judd when certain relations between the pa-
rameters of the Hamiltonian invoked[2]. Such solutions are known as Juddian isolated exact solutions. The problem
has been studied in the Bargmann-Fock space by Reik et al [4] and its canonical form has been obtained by Szopa et
al [5]. It has been proven [6, 7] that the Rabi Hamiltonian i.e. E⊗β JT system and E⊗ǫ JT system are mathematically
identical.
In this letter we take a new look at the solution of Rabi Hamiltonian through the method of quasi exact solvability.
The E × β Jahn-Teller system coupled to a system executing harmonic oscillation which is separated in energy by 2µ
is characterized by the Rabi Hamiltonian[6]:
H = a+a+ κσ3(a
+ + a) + µ(σ+ + σ−) (1)
where σ± = 1
2
(σ1 ± iσ2) and σ1, σ2, σ3 are Pauli matrices and the parameter κ is linear coupling constant. The
Hamiltonian (1) can be expressed as a differential equation in the Bargmann-Fock space by using the realizations of
the bosonic operators,
a+ = z, a = d/dz. (2)
Substituting of (2) into (1)we obtain a system of two linear differential equation for the functions ψ1(z) and ψ2(z) :
(z + κ)
dψ1(z)
dz
+ (κz − E)ψ1(z) + µψ2(z) = 0 (3a)
(z − κ)dψ2(z)
dz
− (κz + E)ψ2(z) + µψ1(z) = 0 (3b)
where E is the eigenvalue of the Rabi Hamiltonian. We eliminate ψ2(x) between two equations and substituting
z = κ(2x− 1), ψ1(z) = e−2κ
2xℜ(x) (4)
we obtain a second order differential equation
x(1 − x)d
2ℜ(x)
dx2
+
[
κ2(4x2 − 2x− 1) + E(2x− 1)− x+ 1] dℜ(x)
dx
+
[
κ4(−4x+ 3)− E2 + 2Eκ2(−2x+ 1) + µ2]ℜ(x) = 0. (5)
In order to solve (5) we first introduce the following linear and bilinear combinations of the operators of the sl(2, R)
Lie algebra,
J+J− + J−J0 − jJ− − 4κ2J+ + (4κ2 + 2j − 1)J0 + (j(4κ2 − 1) + µ2 − 2j) = 0 (6)
which is quasi exactly solvable(QES)[9, 10]. The differential realizations of the generators of the algebra is given by,
J− =
d
dx
, J0 = x
d
dx
− j, J+ = −x2 d
dx
+ 2j. (7)
2The insertion of (7) into (6) leads to the following differential equation,
x(1 − x)d
2ℜ(x)
dx2
+
[
2j(2x− 1) + (x− 1)(4κ2x− 1)] dℜ(x)
dx
+
[
8jκ2(1− x) + µ2 − 4j2]ℜ(x) = 0. (8)
The function ℜ(x) is a polynomial of degree 2j. The equations (5) and (8) are identical under the condition
E = 2j − κ2. (9)
The resulting differential equation(8) and the equation which we have discussed in a paper is identical, if some
parameters are reordered[10]. Now we can easily obtain the results given in the paper[10] by defining the parameters
α =
1
2
, λ = −4j(2κ2 − j)− µ2, L = −2j − 1
2
, A = −S − 1
2
q =
16κ2
(2S + 1)2
, S =
[
4j(j + 1) + (4κ2 + 1)2
]1/2
. (10)
Then ℜ(x) can be expressed in terms of the the polynomial Pm(κ):
ℜ(x) =
2j∑
m=0
44j+mjΓ(1− 4j)Γ(2j) sin [(2j −m)π]Pm(κ)(−κ2x)m√
π(2j −m)Γ(m+ 1) . (11)
Here Pm(κ) satisfies the recurrence relation
4κ2(m− 2j)Pm+1(κ)−
[
(2j −m)(2j − 4κ2 −m) + µ2]Pm(κ)
+4κ2(m− 2j)Pm−1(κ) = 0 (12)
with the normalization P0(κ) = 1. Certain properties of the polynomial Pm(κ) have been discussed in some recent
works[11]. The polynomial Pm(κ) vanishes for m 1 2j + 1 and the roots of P2j+1(κ) leads to the relations between
the parameters of the Hamiltonian. The first three of them are given by
P1(κ) = 4κ
2 + µ2 − 1
P2(κ) = 32κ
4 + 4(3µ2 − 8)κ2 + µ2(µ2 − 5) + 4
P3(κ) = 384κ
6 + 16(11µ2 − 54)κ4 + 8(3µ4 − 29µ2 + 54)κ2 + µ2(µ2 − 7)2 − 36. (13)
These relations are exactly the same results obtained by the method of Juddian isolated exact solution[3, 8]. The
solution obtained for the eigenfunction ψ1(x) can be substituted in (3a) to determine the other component ψ2(x) of
the wave function.
In conclusion we have shown there exists a quasi exact solution of the Rabi Hamiltonian implying that E ⊗ ǫ JT
system also has a quasi exact solution. The method given here can be extended other JT or multi-dimensional atomic
system problems. Another interesting implication of the method is that the existence of the relation between the QES
Po¨schl-Teller family potentials and Rabi systems. Details of the work is under investigation.
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